A technique to generate high-brightness electromagnetic vortices with tunable topological charge at extreme ultraviolet and x-ray wavelengths is described. Based on a modified version of echo-enabled harmonic generation for free-electron lasers, the technique uses two lasers and two chicanes to produce high-harmonic microbunching of a relativistic electron beam with a corkscrew distribution that matches the instantaneous helical phase structure of the x-ray vortex. The strongly correlated electron distribution emerges from an efficient three-dimensional recoherence effect in the echo-enabled harmonic generation transport line and can emit fully coherent vortices in a downstream radiator for access to new research in x-ray science.
A technique to generate high-brightness electromagnetic vortices with tunable topological charge at extreme ultraviolet and x-ray wavelengths is described. Based on a modified version of echo-enabled harmonic generation for free-electron lasers, the technique uses two lasers and two chicanes to produce high-harmonic microbunching of a relativistic electron beam with a corkscrew distribution that matches the instantaneous helical phase structure of the x-ray vortex. The strongly correlated electron distribution emerges from an efficient three-dimensional recoherence effect in the echo-enabled harmonic generation transport line and can emit fully coherent vortices in a downstream radiator for access to new research in x-ray science. Modern x-ray free-electron lasers (FELs) have become a remarkable tool for probing matter at angstrom length and femtosecond time scales with unprecedented brightness [1] . Generated by a relativistic beam of electrons, the FEL light frequency and distribution are tunable according to the electron beam (e-beam) energy and coherent e-beam distribution, respectively. In most modern x-ray FELs, the amplification process starts from random noise in the e-beam distribution, which produces an almost fully transversely coherent fundamental mode, but one with limited temporal coherence. To achieve fully temporally and spatially coherent radiation, the echo-enabled harmonic generation (EEHG) scheme has been proposed [2, 3] , and the concept experimentally demonstrated [4, 5] , as a promising candidate to reach short wavelengths via efficient highharmonic up-conversion. The standard EEHG scheme uses two modulators and two chicanes to generate longitudinal microbunching in the e beam at the frequency k ¼ nk 1 þ mk 2 , where k 1 and k 2 are the frequencies of the longer wavelength lasers in the modulating sections. High harmonics can be obtained by precise tuning of the modulation amplitudes and chicane dispersions. The transverse phase and intensity profile of the modulating lasers are assumed constant over the e-beam profile so that the final harmonic microbunching structure has no transverse spatial dependence. Because the light emitted by the e beam will have a phase structure determined by the microbunching distribution, this facilitates emission into the Gaussianlike fundamental FEL mode, which is peaked on axis and has an axisymmetric transverse phase profile.
There are, however, numerous theoretical and experimental contexts in which higher-order light beams provide access to a different class of phenomena. Of particular recent interest are optical vortices (OVs), or light beams that carry well-defined, discrete azimuthal phase about the axis of propagation. In such beams, the complex field goes like e il , where is the azimuthal coordinate and l is an integer referred to as the topological charge. OVs have become a topic of intense scientific interest due to their intriguing properties [6] [7] [8] . Starting from the work of Allen et al. [9] , who showed that certain types of OV modes carry discrete values l@ of orbital angular momentum (OAM) per photon, there has been considerable work exploring the interaction of OVs with matter [6] . OAM can be transferred to trapped particles and atoms [10] [11] [12] . OVs also have a corresponding ringlike intensity profile that can facilitate microscopy [13, 14] , imaging [15] , and optical pump schemes [16] . At x rays, OAM modes have been proposed as a method to separate quadrupolar from dipolar electronic transitions at K edges [17] . Beams with fractional topological charge (l noninteger) are also under investigation [18] . With these unique features, high-brightness x-ray OVs could open the door to new research for FELs in applications where the well-defined spatial intensity and phase variation can play a key role.
The generation of low order (small l) OAM light in x-ray FELs has been proposed previously in the context of harmonic emission [19] and emission at the fundamental frequency [20] . In the latter high-gain high mode generation (HGHMG) scheme, fully coherent OAM light is radiated from an e beam with a corresponding helical microbunching distribution at the resonant FEL wavelength. This requires a coherent x-ray seed to perform the necessary modulation on the e beam. To avoid this limitation, the technique explored in this Letter exploits both the supreme harmonic up-conversion efficiency of EEHG and the unique e-beam structure generated in HGHMG to produce helical microbunching at x rays using conventional, longer wavelength lasers. The layout is shown in Fig. 1 and resembles that for EEHG. Here, however, the energy modulation imposed on the e beam in at least one of the modulators has a well-defined helical spatial dependence such that an electron's energy depends on its spatial position in the beam. This occurs if the complex
week ending 30 NOVEMBER 2012 laser mode field profile is itself an OAM mode (as depicted), or, more generally, if the resonant phase bucket has a corkscrew geometry as in harmonics of helical undulators [21, 22] . After passage through the EEHG beam line, a helical density modulation appears through recoherence of the imprinted energy modulations as a function of the electron's spatial position. As a result, both the frequency and helical mode number l are converted through a process we call Echo-v. The final highly correlated microbunched distribution can be tailored to emit specific OVs and frequency harmonics in the radiator through optimization of the modulation profile, amplitude, and dispersion.
A striking feature of the spatial recoherence effect in Echo-v is that it allows large up-conversion of the frequency and l mode either simultaneously or independently. By up-converting both together, one can emit optical vortices with large l at high harmonics. Alternately, large frequency harmonics can be generated without changing jlj, so that the helical distribution generated at one frequency is passed to a vastly different frequency.
To calculate the bunching factor at the mode l, let the e-beam distribution at the entrance to the first modulator be given by f i ðx ? ; pÞ, where x ? ¼ ðr; Þ are the radial and azimuthal coordinates, p ¼ ðE À E 0 Þ= E is the scaled electron energy with respect to the central beam energy E 0 ¼ mc 2 , and E is the rms energy spread. Consider the complex modulation amplitude in the first modulator to be of the form A 1 ðx ? Þ ¼ " A 1 ðrÞ expðil 1 Þ, where l 1 is an integer that describes the azimuthal phase variation across the profile and " A 1 is the radially dependent field amplitude. At the exit of the first modulator section, the beam energy is modulated such that an electron acquires a new energy
is the laser frequency and z is the initial longitudinal position of the electron in the beam (see Fig. 2 ). Note that the energy kick depends on the electron's transverse position (r, ), and that the mathematical form of the modulating field is general in that it describes a modulation generated either by an OAM laser seed or by harmonics [20, 22] . The beam then passes through a longitudinally dispersive section characterized by the matrix element R ð1Þ 56 , which shifts the electron to the position z 0 according to R 56 (1) R 56 (2) 
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where a ¼ n þ mK. This is precisely the same frequency conversion relation as EEHG. Here, however, there is also an l-mode conversion relation, found by integration over . Assuming an axisymmetric, uncorrelated initial e-beam distribution f i ðx ? ; pÞ ¼ ð2Þ À1=2 e Àp 2 =2 f 0 ðrÞ, the integral in (1) is straightforward, and the final azimuthal density mode excited in the beam has the same upconversion as the frequency:
One can therefore convert both the frequency and the azimuthal mode number of the microbunched distribution in Echo-v. The final bunching factor is expressed in general as
where ¼ ÀðnB 1 þ aB 2 Þ. If the transverse variation of the fields is negligible over the e beam such that l 1 , l 2 ¼ 0, " A 1 ¼ A 1 , and " A 2 ¼ A 2 , this reduces to the 1D expression in Ref. [2] for standard EEHG. With " A 2 ¼ B 2 ¼ 0, the general formula for HGHMG is recovered [20] .
Among the numerous possible combinations of helical mode numbers l 1 and l 2 and harmonic numbers n and m, two examples illustrate the primary aspects. We first examine the frequency up-conversion of a low-order helical microbunching distribution for the generation coherent low-order OAM modes at short wavelengths. Consider an l 1 ¼ 1 modulation in the first stage of Fig. 1 from a , where w 0 is the laser spot size. The e beam is then modulated in the second stage by a laser with l 2 ¼ 0. From Eq. (4) the final azimuthal mode number is given by l ¼ nl 1 , and thus does not depend on the potentially large harmonic number m of the frequency up-conversion. As with EEHG, for m ) 1, the bunching factor is maximized when n ¼ À1 and B 1 and B 2 have the same sign. Thus, the final mode number is l ¼ nl 1 ¼ À1. Assuming negligible transverse variation in the second stage ( " A 2 ¼ A 2 ), the bunching factor in (5) becomes
To find the maximum value of bunching and the scaling for harmonics m > 4, we note (as Ref. [3] ) that the function J m has a maximum value of 0:67=m 1=3 when aA 2 B 2 ' m þ 0:81m 1=3 . With a Gaussian e-beam distribution f 0 ðrÞ ¼ À2 x e Àr 2 =2 2 x , the integral is maximized when the laser spot size matches the e-beam size, w 0 ¼ 2 x . At this value, analysis shows that the peak of je À 2 =2 R J 1 ð " A 1 Þf 0 ðrÞrdrj grows almost linearly from 0 to 0.4 for A 1 < 4 before leveling off asymptotically at 0.53 when A 1 grows to infinity. In this limit, the maximum bunching factor for the l ¼ À1 helical mode at frequency 
which has the same scaling with m as standard EEHG. This high efficiency enables a l 1 ¼ 1 helical mode structure, imparted to an e beam at long wavelengths, to be strongly up-shifted in frequency to generate an l ¼ À1 mode at short wavelengths. Examples are shown in Fig. 3 from GENESIS simulations [23] , where an l 1 ¼ 1 modulation at 1 ¼ 240 nm is frequency up-shifted to produce GW-level soft-x-ray OVs at 6 nm.
Note that the final mode l has the opposite sign as l 1 by virtue of the sign of n. This ability to transform between different azimuthal mode numbers is a key feature of the 3D echo recoherence effect, and is highlighted by examining a second scenario which performs simultaneous large upconversion of both the frequency and the l mode number. Consider a reversal of the previous arrangement, where the helical modulation is instead performed in the second modulator. The first modulation has no transverse dependence (l 1 ¼ 0), so that the final azimuthal mode number is then l ¼ ml 2 , which can be made large in m ) 1 harmonic up-conversion. Taking l 2 ¼ 1, the final bunching factor is now given by
Maximizing with w 0 ¼ 2 x for the second laser, the integral term peaks at a value of 0:62=m 1=2 when aA 2 B 2 ' 1:65m þ 2m 1=3 . Combined with the maximum value 0.58 of the function e À 2 =2 J 1 ðA 1 Þ for large A 1 , the bunching factor in this scheme scales with the harmonic number as 
In this arrangement, both the microbunching frequency and the l mode azimuthal bunching factor are up-converted by m, and the beam can emit fully coherent, high-brightness vortices with high mode numbers l ¼ m ) 1. Figure 4 shows an example of the bunching spectrum for a finitelength e beam where multiple closely spaced frequencies are excited for the nearby m values. In this scheme, each frequency peak corresponds to a distinct l mode. Thus, a narrow band radiator tuned to pick out a single frequency peak will emit a coherent vortex with a corresponding value of topological charge. Because the peaks are closely spaced, this suggests a tunable frequency or mode configuration. Whereas low-order l modes can be strongly amplified by the FEL process, large l modes are not amplified due to their greater emission angles and weaker coupling. They can be emitted superradiantly, however, in an undulator, from a metal foil [24] or other suitable radiator. In this context, Echo-v may also be used in other devices such as synchrotrons, where the low-peak current prevents gain in other transverse modes from spoiling the vortex purity. In the absence of high gain, the coherent far-field angular emission power spectrum is calculated from U k; ¼ U is the single electron emission kernel for a given radiator, Fðk; ; 'Þ ¼ R f f ðx 00 ; p 00 Þ exp½Àikn Á x 00 dx 00 dp 00 is the e beam form factor, and d ¼ sindd' is the solid angle. At the frequency k ¼ Àk 1 þ mk 2 and mode l ¼ m, the form factor is
Emission is maximized when the peaks of the functions in the integrand overlap. This occurs at a forward angle near
1=3 Þ= x k ffiffiffiffiffi 2e p for m > 4, which can be adjusted with the beam size to lie within the single electron emission distribution of the radiator in order to avoid strong suppression.
Several physical considerations remain for optimization of this scheme in practice, including the effects of laser spectral phase [25] and mode purity, and alignment. Also, helically modulating the beam generates transverse variation in the longitudinal momentum, which gives rise to longitudinal variation in the transverse momentum by the deflection theorem [26] . At the exit of the first modulator, for example, the transverse electron momenta x ¼ dx=dz and y ¼ dy=dz are changed by Á x;ðyÞ ¼
The result is a correlated emittance increase which can affect the e-beam transport dynamics if it is comparable to the intrinsic e-beam emittance. A straightforward calculation gives the induced angular spread as 
. The last term is the contribution of the finite sized laser spot on the e-beam profile, which exists even in standard EEHG for l 1 ¼ 0, but vanishes for large laser profiles ( ) 2). Overall, Eq. (11) can be neglected if hðÁ x;ðyÞ Þ 2 i=h 2 x;ðyÞ i ( 1, which is easily satisfied in high-brightness e beams. Finally, not only does the long-term memory of the correlated phase space have to be preserved to obtain the high-harmonic values, but the highly correlated helical structure is also susceptible to washout. Optimization requires precise tuning of the betatron phase advance to be a multiple of in order to reestablish the 3D structure at the radiator.
In summary, we have proposed a technique based on a combination of EEHG and HGHMG to efficiently generate intense, tunable x-ray vortices in modern electron accelerators using conventional lasers. Such exotic beams have potential to open new areas of research in x-ray science.
